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The isotropic elastic moduli of polycrystalline alumina have heen determined as a function of hydrostatic 
pressure up to 10 kbar and also as a function of temperature over the range 4.20 to about 1300oK. The 
pressure dependence of the elastic moduli is linear over this pressure range. The low-temperature limit of 
the elastic Debye temperature, 1044 (±3) OK, compares very well with thermal Debye temperature. Values 
of various pressure derivatives evaluated at 298°K are as follows: 

Pressure 
derivatives dL/dp dG/Jp dB/dp 

(aM'/aph 6.57 (6.58) 1. 79 (1. 73) 4.19 (4.27) 

(aMT/aph 6.62 1. 79 4.23 

(aM'/ap). 6.52 1. 73 4.16 

The quantities in the parentheses are averaged values calculated from the sing'le-crystal second-order 
elastic constants and their first pressure derivatives. The experimental data are interpreted with respect 
to (a) the polycrystaltine data calculated from the corresponding single-crystal data, (b) the temperature 
dependence of the isotropic elastic moduli, (c) the acoustic Griineisen parameters and their comparison with 
the corresponding quantities evaluated from thermodynamic properties, (d) the equation of state for 
alurnina, and (e) the Debye temperature as a function of temperature and pressure. 

1. INTRODUCTION AND THE SCOPE OF THE 
PRESENT WORK 

Precise da ta for the equation of state for oxides and 
silicates are important not only because of the direct 
interest in the basic properties of these materials, but 
also because such data furnish guidelines for the extrap­
olation in both temperature and pressure of data for 
more complex solids (like rocks). As part of a con­
tinuing study of the thermodynamic properties of 
oxides and silicates at high pressure and high tempera­
ture, we report in this paper our experimental results on 
the isotropic elastic parameters of high-purity, high-

density polycrystalline alumina (a-AhOa). The im­
portance of work of this kind has been indicated 
earli er .1.2 

Much experimental work on the thermal and elastic 
properties of alurnina has already been reported: such 
thermal properties as expansivity3.4 and specific heat5 

are available for high-purity alurnina over a wide range 
of temperature; the single-crystal second-order elastic 

1 G. Simmons, Proc. IEEE 53,1337 (1965). 
S D. H. Chung, J. Appl. Phys. 38, 5104 (1967). 
8 J. B. Wachtman, Jr. et al., J. Am. Cerarn. Soc. 45, 319 

(1962) . 
'A. Schauer. Can. J. Phys. 43, 523 (1965). 
I G. R. Furukawa et al., J. R~. N!!'~, l1UJ. S~g, $7, fl7 (1956). 
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conslants6 •7 and the corresponding polycrystaIline iso­
tropic elastic moduli8 have been studied carefully over a 
limited range of temperature (800-9000 K) ; Bridgman9 

measured the isothermal volllD1e compressibility and 
Hart and DrickameriO recently extended his values to 
higher pressure; shock-wave compressions 'to about 
1500 kbar were made by McQueen and Marsh 11 on both 
single-crystal and sintered polycrystalline alulllinas; 
the dependence of sound velocities on hydrostatic 
pressurel2 to 4 kbar and that on temperature (300°-
14000K) 13 on a ratber "itnpme" Lucalox aluminal4 

was recently reported . 
The determination of the third-order elastic constants 

of this material in both single-crystaP5 and poly­
crystallinel6 forms has just begun. Our purpose in 
presenting this paper is to report the isotropic elastic 
parameters of polycrystalline alumina as a function of 
hydrostatic pressure to 10 kbar and also as a function of 
temperature over the range 4.2°-1300~K, and to (1) 
compare the polycrystalline data with the corresponding 
single-crystal data, (2) analyze the explicit temperature 
dependence of the elastic moduli, (3) calculate the 
acoustic Grtineisen parameters ("fa and 1/;0) and compare 
them with the corresponding thet'mal Grlineisen param­
eters, (4) give an equation of state for aiumina, and (5) 
calculate the elastic Debye temperature as a function of 
temperature and pressure. 

2. EXPERIMENTAL PROCEDURE 

2.1. Specimens and Material Characterization 

Several samples of polycrystalline ahunina were 
fabricated by the hot-pressing procedure described by 
Crandall et alY from 99.95% pure a-AL03 powder. 
These same specimens were used in earlier measure­
ments8 of the isotropic elastic moduli. In the present 

e J. B. Wachtman, Jr. et al., J. Res. Natl. Bur. Std. MA, 213 
(1960) . 

7 W. E. Tefft, J. Res. Natl. Bur. Std. 70A, 277 (1966); and 
also J . B. Wachtman, Jr. et al., Phys. Re\'. 122, 1754 (1961). 

8 D. H. Chung, Bull. Ceram. Res. 26, (297),1 (1961); J. Appl. 
Phys. 39, 2777 (1968). 

9 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 77, 187 (1949). 
10 H. V. Hart and H. G. Drickamer, J. Chem. Phys. 43, 2265 

(1965) . 
U R. G. McQueen, F. Birch, and S. P. Marsh, in IIandbook of 

Physical Constatzls, S. P. Clark, Jr., Ed. (The Geological 
Society of America, Inc., New York, 1966), p. 154. More recent 
data were obtained through personal communications (1968). 

12 E. Schreiber and O. L. Anderson, J. Am. Ceram. Soc. 49, 
184 (1966). 

13 N. Soga, E. Schreiber, and O. L. Anderson, J. Geophys. Res. 
71, 5315 (1966); see also, N. Soga and O. L. Anderson, J. Am. 
Ceram. Soc. 49, 355 (1966). 

If The nature of Lucalox alumina was described by R. L. Coble 
in V .S. Patent 3,026,210 (Mar. 1962) . As descrihed al~o hy S. K. 
Royand R. L. Coble, J. Am. Ccram. Soc. SI, 1 (1968), the 
Lucalox alumina contains small amounts of magnesium-alumi­
nate spinel as a major secondary 'phase. :. : 
" .: J ._ H. Giesk: (persona! communications; 1967) .. . 

D. H. CAuno {unpublished). . . .. '. . 
17 W. B. Crandall et al .. , in Meclzanical Pr{>perli~s of RlIgilleering 

Ceramics, W. Kriegel and H. Palm our, Eels .. (Intersciencc Pub-
li~~~ Inc., New Yofltr.1961) • . ./. . .. . -' . . , . 

study, we used one of the typical samples. It was cut 
into two pieces-one cube and one rod. The faces of the 
cube were ground and polished to optically fiat and 
parallel surfaces. The final size of the specimen was 
1.2~245 X 1.28143 X 1.28194 cm. The rod was com­
mercially ground to the shape of a long cylinder to a final 
size of 0.63501 cm diam X8.89250 cm in length. The 
measured density of the specimens was 3.974 g/cm3 at 
300~K, which may be compared with tbe single-crystal 
density of corundum (3.986 g/cm3). X-ray studies in­
dicate the specimens were made of corundum crystals 
and inspection of the electron micrograph shows that 
the grain dia.meters range from about one to 15 p.. 

The elnstic isotropy was checked by measuring both 
the longitudinal and transverse sound velocities in the 
cube specimen at room conditions for difIerent directions 
of wave propagation. The specimen was found to be 
isotropic. The maximum and minimum velocities for 
tbe longitudinal wave were 10.848 and 10.842 km/sec. 
For the transverse wave, the maximum and minimum 
velocities were 6.379 and 6.375 km/sec, respectively. 

The isotropic elastic moduli were determined with 
McSkimin's pulse-superposition method.ls X-cut and 
V-cut quartz transducers, ! in. in diameter with 
fundamental resonance frequencies near 20 MHz, were 
used. 

In general, it is desirable for a bonding material to 
adhere to both transducer and specimen over the 
largest temperature and pressure range and accom­
modate a dilTerential thermal expansivity between 
transducer and specimen. For this reason, seyeral 
bonding materials were used as follows: a phenyl­
salicylate at room conditions, Dow Coming resin 
276--V9 for measurements under hydrostatic pressure, 
and between 4.20 and 300"K in the ultrasonic method, 
J:isher's ' N onaq stopcock grease. Variations of the 
isotropic elastic moduli with temperature were deter­
mined by a bar-resonance methodl9 (above 77"K) and 
also by the ultrasonic pulse-superposition method1S 

(below 3000K) . 

2.3. Cryostat and High-Temperature Furnace 

In the study of temperature dependence using the 
ultrasonic method, the specimen was mounted on a flat 
copper plate which was placed in a copper can covered 
with Styrofoam insulation. A heater coil, a Honeywell 
germanium resistance thermometer, and a copper­
constantan thermocouple were attached to the plate. 
Three ~hin brass rods served as supports for the plate 
and provided a slight thermal contact with the bath of 
either liquid nitrogen or liquid helium. A Brown 
electronic recorder was used to control and measure the 
temperature of the copper plate and the specimen. To 
ensure that the system had attained thermal equilibrium, 
a pause of 20.-30 nUn was necessary whenever the 

18 H. J . McSkimin, J . . Acoust. ' Soc.' Am. 37, 864 (1965). 
• 111 S. Spinner.and W. E. TelTtr ·Proc._ASTM 61,1221 (1961). 
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temperature was changed. The thermocouple was used 
for measuring temperatures above 77°K and the 
resistance thermometer below. The resistance-tem­
perature characteristics of the germanium thermometer 
were taken from the Honeywell calibration tables for the 
thermometer. Over the temperature range below 77°K, 
the temperature was measured to better than 0.5 deg 
and was controlled to at least one degree over the time 
required for a measurement. 

The cryostat assembly used for determinations of the 
elastic moduli using the resonance method consisted of a 
specimen chamber, heater, and support placed in an 
insulated Dewar. The specimen chamber was made of 
copper and placed directly against the upper end of a 
Kanthol wound heater. Both the specimen chamber and 
the heater were supported by a brass fitting set on the 
bottom of a stainless steel Dewar-flask (Hoffman model 
SI N 210-22 ) . The assembly was immersed in a liquid­
nitrogen bath to make the measurement at 77°K. 
Temperature of the specimen chamber was contro!led 
by a variac and readings were taken by setting the 
variac and allowing a sufficient time for thermal 
equilibrium to be approached closely. The time interval 
allowed for this purpose varied from 30 min to ab~ut 
two hours. Over the temperature range 77°-300~K, a 
copper- cons tan tan thermocouple (which had been 
calibrated previously against an NBS standard) was 
used to measure the specimen temperature. A fros ,ing 
of water vapor on the specimen surface was prevented by 
a constant flow of precooled N2 gas. The specimen 
temperature was kept constant within 1 deg during the 
time required for measurements. 

Measurements of resonant frequencies as a function 
of temperature above 3000 K were made in a Kanthol 
wound tube-furnace connected to a var:ac. The upper 
temperature limit of the furnace was about 1330~K. The 
specimen temperature was measured with a platinum­
platinum plus 10% rhodium thermocouple which had 
been calibrated earlier against an NBS standard, and 
was recorded with an accuracy better than ±3 deg. 

2.4. Hydrostatic Pressure System 

The equipment used for the generation of hydrostatic 
pressure was constructed by the Harwood Engineering 
Company, Walpole, Mass. The unit was design~d for 
the production of hydrostatic pressures to about 14 
kbar. Argon gas was the pressure medium. The pressure 
was measured with a manganin cell in connection with 
a Foxboro Dynalog recorder. The temperature of the 
sample was kept constant by the circulation of warm 
water outside of the entire pressure cell. The tempera­
ture of a copper plate which was in direct contact with 
one of the specimen faces was measured with a chTomel­
alumel thermocouple. With another thermocouple,' the 
temperature was measured on ' the opposite face of the 
specimen to guard against the presence of thermal 
gradients within the specimen.,ln each ,detemlination, 

the frequency was recorded only after asc'ertaining the 
system had reached thermal equilibrium; usually; a wait 
of 15-20 min after changing pressure was sufficient for 
this purpose. 

3. EXPERTIMENTAL RESULTS 

3.1. Variation of the Isotropic Elastic Moduli 
with Pressure 

The quantity of interest in our pressure experiments 
is the first derivative of an elastic modulus M with 
respect to hydrostatic pressure evaluated at zero­
pressu~e, (dM/dp)p=o. This derivative is an isothermal 
one. For a modulus M , we have 

M=4pl!j2 , (3.1) 

where! is the corrected repetition frequency. Taking 
logarithms and differentiating both sides with respect 
to pressure, 

d(lnM) / dp =d(lnp) /dp+2[d(lnl) / dp J+d(lnj2)/ dp, 

(3.2) 

Since (dlnl/dp)=(dlnV/dp)/3 in our case, and 
(cl Inp/d p) = - (cl In V/ dp), where V is volume, and 
after evaluating the derivatives at p=O, we have 

[d(lnM)/dp]p=o= (1/3BT)p=O+[(d/dp) U/!O)2]pJJ 

(3.3) 

or 

(dM/ dp )p=o= (M/ 3BT)p=O+[M· (d/dp) U /!O)2]P=O' 

(3.4) 

BT is the isothermal bulk modulus and it is related to the 
adiabatic bulk modulus B' by BT=B' (1+T8'YG)-1, 
where 8 is the coefficient of volume expansion, 'YG is 
Grlineisen's ratio, and T is temperature in OK. 

Table I summarizes the isotropic elastic properties of 
the specimen at 298°K along with the correspon~g 
quantities evaluated for nonporous polycrystallrne 
aluminas. Table II is a listing of the relative change in 
the linear dimension of the specimen, the ratio of the 
frequency squared, and density as a function of hydro­
static pressure up to 10 kbar. The values of (l/1o) were 
found according to Cook's approximation scheme.20 The 
corresponding density values were calculated from 
P=Po(/u/Z)3, where Po is the initial density of the speci­
men. The sound velocities at a given pressure p were 
then calculated according to Vj =Vj(O) (!i!fi(O») (ljlo) , 
where the subscript (0) denotes the quantity at the 
unstrained condition; the isotropic elastic moduli were 
then calculated in the usual way. 

. The first pressure derivatives of sound velocities at 
298°K were found as follows: (dvz/dp) =5.35 and 
(dvt/dP) =2.20 in units of 10-3 (km/sec)/kbar. The 

so R. K. Cook, J. Acoust. Soc. Am. 29, 445 (1957). 
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TABLE I. Density, sound velocities, and isotropic elastic moduli 
of the alumina specimen and the corresponding quantities evalu­
ated at the single-crystal density-point (at 2<J8°K). 

Valuesb 

Measured corrected for 
Quantity values porosity 

Density (g/cm3) 3.974 3.986 

Longitudinal velocity 
(km/sec) 

10 .845(~0 . 003)· 10.889 

Transverse velocity (km/sec) 6 .377(~0 . 002)a 6.398 

Adiabatic longitudinal 
modulus (XlO11 dyn/cm2) 

46 .739 47.262 

Shear modulus (XI011 16 .160 16'.316 
dyn/cm2) 

Adiabatic bulk modulus 25 .192 25 .507 
(X 1011 dyn/cm2) 

Isothermal bulk modulus 25 .033 25 .346 
(X1011 dyn/cm2) 

a These variations in sound velocities represent the observed variations 
in the velocities when the dilection of wave propagation was changed. 
Since these variations were less than the expected experi mental error, tbe 
specimen was considered ela.tically isotropic (see text for tbe de.cription) . 

b Values obtained from Ref. 8. 

corresponding derivatives of the isotropic elastic moduli 
were: from Eq. (3.4), (dD/dp) =6.51, (dG/dp) =1.77, 
and (dB'/dp) =4.16 calculated from the former, 
whereas using Cook's method, 6.5, 1.8 and 4.2, respec­
tively. These values may be compared with the cor-

I I I I . 
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FIG. , 1. Temperature dependence of the longitudinal sound 
velocity determined on a polycrystalline alumina specimen of 
po=3.974 g/cma• Data points consist of two kinds: one, velocities 
resulting directly from the ultrasonic method ./Uld the other, 
velocities calculated from the density and measured isotrop:c; 
~)~tic Oloduli : r~!ll~~~ frl)mthe bar-resonant me~od. ' 

TABLE n. The relative change in the linear dimension, ratio 
of the frequency squared, and density as a function of hydro­
static pressure (at 298°K). 

Pressure Density 
(kbar) (1/10) (g/cm8) (N/I(O» 2 ( It/ /'(0» 2 

0.001 1.000000 3.974 1.00000 1.00000 
1.0 0.999867 3.976 1.00127 1.00097 
2.0 0.999735 3.977 1.00252 1.00193 
3.0 0.999603 3.979 1.00378 1.00289 
4.0 0.999470 3.980 1.00504 1.00385 
5.0 0.999338 3.982 1.00630 1.00481 
6.0 0.999206 3.984 1.00757 1.00577 
7.0 0.999076 3.985 1.00882 1.00673 
8.0 0.998943 3.987 1.01008 1.00769 
9.0 0.998811 3.988 1.01135 1.00865 

10.0 0.998682 3.990 1.01260 1.00960 

responding quantities obtained on a Lucalox alumina 
specimen by Schreiber and Anderson.12 Their values 
were: (dD/dp) =6.34, (dG/dp) =1.75, and (dBB/dp) = 
3.98 at 298°K. 

3.2. Variation of the Isotropic Elastic Parameters 
with Temperature 

Figures 1 and 2 are plots of sound velocities as a 
function of temperature. The data points below 3000 K 
consist of two kinds: one, velocities resulting directly 
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FrG. 2. Temperature dependence of the transverse sound 
velocity determined on a polycrystalline-alumina specimen of 
po=3.974 g/ cm3• Data points consist of two kinds: one, velocities 
resulting directly from the ultrasonic method and the other, 
velocities calculated from the density and measured shear modulus 
resulting from the bar-rc:sonant method. 
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TABLE lIT. Acoustic data for polycrystalline a-AltO, (at 298°K). 

Sound velocities 

Pressure Density VI v, Vm 
(kbar) (g/cm3) (km/sec) 

0.001 3 .986 10.889 6.398 7.092 

1.0 3.988 10 .894 6.400 7.094 
2.0 3.989 10 .900 6.402 7.097 
3 .0 3.991 10 .905 6.404 7.099 
4 .0 3 .992 10 .910 6.407 7. 102 
5.0 3.994 10 .916 6.409 7. 104 

6.0 3.996 10.921 6.411 7.107 
7.0 3 .997 10 .927 6.413 7.109 
8.0 3.999 10 .932 6.415 7. 112 
9 .0 4 .000 10 .937 6.418 7.114 

10.0 4 .002 10.943 6.420 7.117 

from the ultrasonic method and the other, calculated 
velocities from the measured moduli resulting from the 
resonant method. Above 300~K, all values of the sound 
velocities were calculated from measured isotropic 
elastic moduli and density evaluated at a given 
temperature. 

At 298°K, the isotropic temperature derivatives of 
sound velocities were: (dvI/dT) =-0.37(±0.022) and 
(dvt/dT) = -0.29(±0.016) in units of 10-3 (km/sec)/ 
deg. The corresponding derivatives of the isotropic elas­
tic moduli at 298°K were found as: (dL' / dT) = -0.39 
(±0.030), (dG/dT) = -0.16(±0.014), and (dBI/dT) = 
-0.17 in units of 109 (dyn/cm2)/deg. At 1000~K, 
bowever, the corresponding derivatives were as follows: 
(dvl/dT) = -0.53 and (dvt/dT) = -0.41 in units of 
10-3 (km/sec)/deg, and (dL'/dT)=-0.55(±0.026), 
(aG/dT) = -0.23(±0.020) and (dB'/dT) = -0.24 in 
units of 109 (dyn/cm2)/deg. 

Comparing the present data with the similar data 
available for a Lucalox alumina,13 we note the following: 
our values of the adiabatic bulk modulus, for example, 
at 298°K and also at 1000~K are 25 .51 and 23.95 in 
units of 1011 dyn/cm2, respectively, whereas the Lucalox 
data13 were 24.87 and 23.19 in the same units. The 
apparent differences of about 3% are beyond the limits 
of the eA-pected experimental errors in both cases, and 
these may be associated with the foreign materials 
contained in the Lucalox specimen. 

4. DATA ANALYSIS AND COMPARISON OF 
POLYCRYSTALLINE DATA WITH THE CORRE­

SPONDING SINGLE-CRYSTAL DATA 

A realistic test of the correspondence between the 
single-crystal acoustic data and polycrystalline acoustic 
data demands essentially three general requirements: 
(a) the representative set of the single-crystal acoustic 
data, (b) the polycrystalline acoustic data evaluated for 
the corresponding density, and (c) an averaging 

Elastic moduli 

L' G B' OD(.I •• tlo) 
(X10U dyn/cm2) (OK) 

47 .262 16.316 25 .507 1034.9 

47.333 16.335 25.552 1035.4 
47.391 16 .351 25.590 1035 .8 
47.461 16.370 25.635 1036.4 
47.520 16.385 25 .672 1036 .8 
47.590 16 .404 25.718 1037.4 

47.660 16.424 25 .762 1037.9 
47.720 16.439 25 .800 1038.4 
47.790 16.458 25.845 1038.9 
47.848 16.474 25.883 1039.4 
47.919 16.494 25.928 1039 .9 

scheme by which the anisotropic single-crystal acoustic 
data can be converted into isotropic acoustic data. The 
requirement (c) bas been considered in Re£. 2. The re­
quirement (a) can be met by considering the recent 
data on the single-crystal elastic constants as a function 
of temperature7 as well as a function of pressure. lli In 
this section, on the basis of the experimental results 
presented in Sec. 3, polycrystalline acoustic data 
corresponding to the single-crystal density are evaluated 
and compared with isotropic properties calculated from 
the single-crystal data. 

4.1. Variation with Pressure 

In the first-order approximation for low porosities, 
the porosity-dependent elastic modulus M is given by21.22 

(4.1) 

where Mo is the elastic modulus of nonporous materials 
and 7J is the porosity. a is a constant. Differentiating 
Eq. (4.1) with respect to pressure, we find 

dM/dp= (dMo/dp) (l-a7J) -Moa(d7J/dp). (4.2) 

Because the rate of change of porosity with pressure 
(d7J/dP) in our specimen is estimated to be -3X1Q--6/ 
kbar, the last term can be ignored and we obtain 

(l/M) (dM/dp) = (l/Mo) (dMo/dp). (4.3) 

The physical implication of Eq. (4.3) is that the pressure 
coefficient of an elastic modulus determined on porous 
polycrystalline aggregate represents the corresponding 
quantity of the nonporous polycrystalline aggregates. 
A departure from Eq. (4.3), if observed, would then 
correspond to effects of the (a7J) term. 

On the basis of Eq. (4.3) and experimental results 

21 For a review, see N. A. Weil, in High Temperature Technology 
(Butterworths Scientific Publications Inc., Washington, D .C., 
1964), p. 217. 

U J. B. Walsh, J. Geophys. Res. 70, 381 (1965). 
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TARLE IV. Single-crystal elastic constants and their first pressure derivatives for trigonal a-AhO. (at 298°K).a 

Index for 
elastic constants 11 33 44 66 12 13 14 

tp,' (XI0ll dyn/cm2) 49.781 50.192 14.752 16.751 16.279 11. 735 - 2.286 

(dcp ,'/dp)T_2DSOK 6.14 5.03 2.24 1.44 3.26 3.67 0.164 

" J. H . Gieske (private communications) . 

presented in Tables I and Il, we find from the use of 
Eq. (3.4) that (dD/ dp) =6.57, (dG/dp) = 1.i9, and 
(dBI/ dp) =4.19. These values represent the first 
pressure derivatives of the isotropic elastic moduli 
(evaluated at p=O) for the nonporous aggregates of 
polycrystalline alumina and these are to be compared 
with the corresponding quantities calculated from the 
single-crystal data. Table III is a tabulation of the 
density, sound velocities. and isotropic elastic moduli as 
a function of hydrostatic pressure. Also entered here are 
the computed mean velocity of sound and the Debye 
temperature of which a discussion follows later in Sec. 5. 

The single-crystal second-order elastic constants and 
their pressure dependence up to about 10 kbar have 
been determined recently by Gieske.15 Gieske's results15 

at 298°K are reproduced in Table IV. Using these 
single-crystal data, the pressure derivatives of the 
isotropic elastic moduli were calculated. 

The first pressure derivatives of the isotropic poly­
crystalline elastic moduli in terms of the corresponding 
single-crystal properties are2 

B*' = (Bv' + BR') /2 ( 4.4) 
and 

G*'= (Cv'+GR')/2, (4.5) 
where 

Bv' = [2 (cu' +CI2') +C33' +4C13']/9 (4.6) 

BR' = Cb (BR/G.) 2Cc' - (BR2/CJ Cb' (4.7) 

Cv' = (Cb' + 12c«' + 12c66') /30, (4.8) 
and 

GR' = [6Bv (GR/Cc) 2Cc' -6(GR2/ CC ) Bv'+4(Gn./ Ch)2Ch' 

-4 (GR2j Ch) c«' +2Ca( GR/ Ch)2Ch' -2 (GR2/Ch) C • .']! 5 , 

(4.9) 

where 
Ca = CU-CI2 and C,.' =Cn'-CI2' ( 4.10) 

Cb = CU+CI2+2C33-4c13 
and 

Cb' = Cu' +C12' + 2C33' - 4C13' ( 4.11) 

Cc = C33(Cn+CI2) -2C132 
and 

Cc' = (C11+CI2) C33' +C33(Cn' +CI2' ) -4CI3C13' (4.12) 

Ch = Cac« -:- 2C142 
and 

Ch' =Cac«' +c«Ca' -4C14C14' ( 4.13) 

Bv = [2 (Cn +CI2) +C33+4c13J/ 9 ( 4.14) 

BR = [C33 (cu +CI2) - 2C132J/ (Cn +CI2+ 2C33 - 4C13) (4.15) 

GR= (5/2) { (CcC«C66) /[Cc(C«+C66) +3Bvc«c66JJ (4.16) 

and the primes denote the first pressure derivatives. 
From B*' and G*' from Eqs. (4.4) and (4.5), the 
pressure derivative of the isotropic longitudinal 
modulus L*' can be found as 

L*' =B*' +4G*' /3. ( 4.17) 

The calculated values for B*', G*', and L*' are com­
pared with the polycrystalline acoustic data in Table V. 
Also entered in the table are the limiting values. It is 
noted that the calculated and experimental values 
compare very well. 

Using the procedure outlined in Ref. 2, the isothermal 
pressure derivatives of the adiabatic elastic moduli 
have been converted into (i) isothermal pressure 
derivatives of the isothermal elastic moduli and (ii) the 
adiabatic pressure derivatives of the adiabatic elastic 
moduli; the results are summarized in Table VI. In 

TABLE V. Comparison of predicted and experimental isotrcpic pres~uTe derivatives of polycrystaUine 
elastic moduli for trigona! a-AhO. (at 298°K). 

dB/dp dG/dp dL/dp 
Pressure Density 

derivatives (g/ cm3) (dBy/ dp) (dBR/dp) (dB*/ dp) (dGy/dp) (dGR/dp) (dG*/dp) (dLy/dp) (dLR/dp) (dL*/dp) 

Predicted" 3.986 4.28 4.26 4.27 1.63 1.83 1. 73 6.45 6.70 6.58 

Experimental 3.986 4.19 1. 79 6.57 

• Calculated from the single-crystal acoustic data. 



D. H. CHUNG AND G. SIMMONS 5322 

TARLE VI. Pressure derivatives of polycrystalline elastic moduli 
at different thermodynamic boundary conditions (at 298°K). 

Pressure 
derivatives dB/dp dC/dp dL/dp 

(aM'/ap)T 4.19- 1.79- 6.57-
3.70b 

(aMT/ap)T 4.23 1. 79 6.62 
4.10· 

(aM·jap). 4.16 1. 73 6.52 

• These are taken from Table V. 
b This is calculated from the Dugdale-MacDonald relation. i.e., 

(aB'/aP)T=2-Ya+I. where "10 is the GrUneisen parameter. 
• This was obtained from the Murnaghan equation of state by a curve­

fitting procedure using experimental data on compression. 

Table VI, two other values of pressure derivative of the 
bulk modulus have been listed. One is a theoretical 
value based on the Dugdale--MacDonald relation,23 and 
the other is derived from the Murnaghan equation of 
state24 by a curve-fitting procedure using experimental 
data on compression.!Hl A detailed discussion on these 
quantities will follow in Sec. 5. It is seen, however, that 
these values compare reasonably well with the cor­
responding quantities resulting from the ultrasonic­
pressure experiments made on both the single-crystal 
and polycrystalline materials. 

4.2. Variation with Temperature 

Recalling Eq. (4.1), the temperature derivative of the 
porosity-sensitive elastic modulus is 

dM/dT= (dMo/dT) (1-a7]) -Moa(d7]/dT). (4.18) 

Since (dT//dT) is zero, the last term drops out. Thus, 
dividing the resulting part of Eq. (4.18) by Eq. (4.1), 
we obtain 

(l/M) (dM/dT) = (l/Mo) (dMo/dT). (4.19) 

Equation (4.19) implies that the temperature co­
efficient of an elastic modulus determined on a porous 
polycrystalline specimen can be used to estimate the 
elastic modulus of the nonporous polycrystalline 
aggregates (as a function of temperature) simply by 
interpolating the room-temperature modulus of the 
porous aggregate to that of the nonporous aggregate. 
The result of such interpolations is given in Table VII. 
This represents the isotropic elastic parameters of 
polycrystalline alumina as a function of temperature, 
which are to be compared with the corresponding 
single-crystal data. 

23 J. S. Dugdale and D. K. C. MacDonalcl, Phys. Rev. 89, 832 
(10~';). 

24 F. D. Murnaghan, Proc. Natl. Acad. Sci. 30, 244 (1944); 
F. D. Murnaghan, Non-Linear Problems in M eelzanics of Continua, 
Prn-eedings 0/ the Symposiwll on Applied Mathematics (American 
Mathematical Society, Providence, R.L, 1949) Vol. 1. 

Figure 3 illustrates the comparison of polycrystalline 
longitudinal modulus with the corresponding quantity 
cal~ulated from the single-crystal data using the 
Voigt-Reuss-Hill (VRH) approximation. The single­
crystal data used here are those of Tefft.7 Figure 4 is a 
similar comparison for the isotropic shear modulus. It is 
evident that the comparison is good for the shear 
modulus throughout the temperature range considered. 
For the longitudinal modulus, we note that there is a 
significant discrepancy between our data and the VRH 
modulus calculated from Tefft's single-crystal data 
(particularly at low temperatures). At present, it is 
very difficult to see why the longitudinal modulus at 
temperatures below lOOoK calculated from the single­
crystal data decreases with decreasing temperature. 
Our measurements on polycrystalline specimens in­
dicate exactly the opposite behavior so that the elastic 
moduli become stiffer as temperature decreases. 

5. INTERPRETATION AND DISCUSSION 

5.1. Analysis of Temperature Dependence of the 
Isotropic Elastic Moduli 

The total temperature dependence of an elastic 
modulus can be thought of as consisting of two parts: 
one, a result of an explicit temperature change, and the 
other an implicit part resulting from a cbange in volume 
with temperature. In other words, the elastic modulus 

1 

42 f-

o 200 400 
1 

o Polycrystolline Dolo 

o SJnQle-Cr),stal Data 

(TEFFT. 1966) 

-

-

-

600 800 1000 1200 1400 

TEMPERATURE (OK) 

FIG. 3. A comparison between the measured and calculated 
isotropic longitudinal modulus as a function of tempelature. 



5323 ELASTIC MODULI OF POLYCR YSTALLINE ALUMINA 

TABLE VII. Thermo-elastic properties of polycrystalline a-Al,Oa (at 1 atm). 

Velocities Elastic moduli 

Tem(cerature Density VI V, 11", L' B' OD(.I.e.ic) 
OK) (g/cm3) (km/sec) (XI01l dyn/cm2) (OK) 

4.2 3.9924 10.951 6.448 7.146 47.879 16.599 25.747 1044(±3) 
77 3.9920 10.947 6.446 7.144 47 .839 16.587 25.727 1043 

100 3.9918 10.942 6.444 7.141 47.793 16.576 25.691 1042.6 
150 3.9910 10.931 6.437 7.134 47.687 16.537 25.638 1041 
200 3.9896 10.919 6.427 7.123 47.566 16.480 25.593 1040 

273 3.9863 10.896 6.408 7.102 47.326 16.369 25.512 1036 
300 3.986 10.889 6.398 7.092 47.262 16.362 25.507 1035 
400 3.978 10.844 6.368 7.059 46.778 16.131 25.270 1029 
500 3.969 10.798 6.333 7.021 46 .277 15.918 25 .053 1023 
600 3.960 10.750 6.296 6.981 45.763 15.697 24.833 1016 

700 3.949 10.702 6.259 6.941 45.229 15.470 24.602 1010 
800 3.939 10.653 6.218 6.896 44.702 15.230 24.396 1002 
900 3.928 10.602 6.178 6.853 44.152 14.992 24.162 995 

1000 3.918 10.552 6.137 6.809 43.625 14.756 23 .950 988 
1100 3.907 10.498 6.096 6.764 43.058 14.519 23 .700 981 

1200 3.897 10.444 6.053 6.718 42.507 14.278 23.470 972 
1300 3.886 10.386 6.011 6.667 41. 918 14.041 23.197 965 

M of Born-von Karman-type solids can be treated as a 
function of volume V (interatomic separation) and 
temperature '['"25: 

respect to pressure, and rearranging the results. we find 

d(lnM) IdT= -J3BT[a(lnM)/ap ]T+[a(lnM)/ClT]v, 

(5.2) M=M(V, T). (5.1) 

Taking logarithms and differentiating both sides with 

17'0 

N-; 165 

1 
-2 . 16·0 

Cl) 
::> 
..J 
::> 
0 
0 

'" 
0: 

15·5 
« 
"' :J:: 
Cl) 

U 
CL 
0 
0: 

150 
.... 
0 
!!! 

14·5 

14 '0 
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I 
400 

I 

o Polycrystolllne Data 

o Single-Crystal Data 

(TEFFT. 1966) 

I I 
600 800 1000 1200 

TEMPERATURE (OK) 

-

1400 

FIG. 4. A comparison between the measured and calculated iso­
tropic shear modulus as a function of temperature. 

:IQ D. Lazarus, Phys. Rev. 76, 545 (1949). 

where BT is the isothermal bulk modulus. Hence, from 
our data on both the pressure and temperature de­
pendences of the isotropic elastic moduli, we should be 
able to separate out the changes due to temperature 
from those due to volume. Rewriting Eq. (5.2) for the 
explicit term 

[a (lnM) laT]v =d(lnM) I dT +(1BT[a (lnM) lap ]T. 

(explicit) = (total) + (implicit). (5.3) 

In Table VIII, both the pressure and temperature 
coefficients of longitudinal, shear, and bulk moduli 
evaluated at zero-pressure and 298°K are listed. The 
quantities of our interest (a lnM/aTh, found from 
these values, are entered in the last column. Any 
assumption that an elastic modulus is a unique function 

TABLE VIII. Pressure and temperature coefficients of the adia­
batic elastic moduli of polycrystalline a-AbO. (at 298°K). 

Adiabatic 
elastic 

modulus 

G 

-8.23 

-9.79 

-6.664 

+5.56 

+4.45 

+6.658 

-2.67 

-5.34 

-0.006 

• Based on Eq. (5.3). where tl =1.641 XIO-lrK and BT =25.346 XIO" 
dyn/cm'. 
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TAIlLE IX. Thermal Griineisen's first and second parameters for a -Aho.. 

fJ Cp V B' Tem(oerature 
OK) (X lO-6j"K ) (cal/ mol. OK ) (ems/mol) (X10U dyn/cm2) 'YG(thermal) (1+ TfJ'YG) 

4.2 ? 0 .0021 
77 1.08 1.50 

100 2 .40 3 .07 
150 6. 15 7.64 
200 10 .23 12 .22 

273 14 .88 17 .482 
298 16.41 18.98 
400 20 . 10 23 .38 
500 22 .05 25 .55 
600 23 .55 26 .85 

700 24 .69 27 .75 
800 25.65 28 .44 
900 26 .55 28 .99 

1000 27.42 29.47 
1100 28.14 29.90 

1200 28 .68 30.29 
1300 29.34 30.66 

of volume is evidently invalid (especially in the case of 
the longitudinal and shear moduli), since the last term 
in Eq. (5.2) vanishes if M =M(V) . 

5.2. Griineisen's Parameters and Equation of State 
for Alumina 

Essentially, there are two Grtineisen's parameters; 
one given by 

"'Ia={3V / Cpx' ={lVB'/Cp="'IG(thermal) (5.4) 

and the other 

1/Ia= -[a(lnB') /aT/a(ln V) / aT]p 

= - (l / {lB') (aB'/aT) p=1/Ia(th ermal)' (5.5) 

where {3 is the coefficient of volume thermal expansion, 
V is the volume, B' is the adiabatic bulk modulus, Cp is 
the specific heat at constant pressure, and x' is the 
adiabatic compressibility. These parameters give a 
measure of the anharmonicity of the interatomic 
potential, and they are useful in the study of the solid 
equation of state.26-30 In Table IX, these parameters are 
tabulated as a function of temperature. The data on 
thermal expansion are due to Wachtman et al.3 and 
Schauer.' The data on specific heats were taken from 
tables presented by the National Bureau of Standards.s 

26 E. Gruneisen, in Handbuch der Physik, H. Geiger and K. 
Scheel, Eds. (Springer-VerJag, Berlin, 1926), Vol. X, Pt. I. For 
an English translation, see NASA Tech. Rept. No. RE2-18-59W 
(Feb. 1959) . 

27 J. C. Slater, Introduction to Chemical Physics(McGraw-Hill 
Book Co., New York, 1939) . 

28 F. Birch, Phys. Rev. 71, 809 (1947) j J. Geophys. Res. 57, 
227 (1952). 

29 T. H. K. Barron, Phil. Mag. 7(46), 720 (1955) j Ann. Phys. 
(New York) 1, 77 (1957). 

80 J. J. Gi lvarry, J. Appl. Phys. 28, 1253 (1957) j J. Appl. 
Phys. 33,3595 (1962). 

25.538 25.747 
25 .539 25 .727 1.13 1.000094 
25.540 25 .691 1.23 1.000294 
25.545 25 .638 1.26 1.001162 
25 .555 25 .593 1.31 1.002677 

25.578 25.512 1.33 1.005389 
25.580 25 .507 1.35 1.006636 
25 .631 25.270 1.33 1.010698 
25.689 25.053 1.33 1.014632 
25 .748 24.833 1.34 1.018935 

25 .820 24.602 1.35 1.023340 
25.885 24.396 1.36 1.027926 
25.950 24.162 1.37 1.032787 
25.022 23.950 1.39 1.037993 
26.097 23.700 1.39 1.043054 

26.164 23.470 1.39 1.047815 
26 .235 23.197 1.39 1.053077 

It is seen here that the first Grlineisen parameter, often 
termed Grtineisen's ratio, remains almost constant with 
temperature above 2000K (which is about 0.20D ). This 
constancy supports the Grtineisen theory of solids. 

The parameters defined by Eqs. (SA) and (5.5) are 
thermal Grtineisen's ratio and thermal Grlineisen's 
anharmonic parameter, respectively, and it can be 
shown easily that they are related to the pressure 
derivatives of the elastic moduli. The relationship 
between "'la and (dB/dp) , with two simplifying as­
sumptions,27 was given first by Slater. The Slater 
rela tion27 is 

(5.6) 

and from our data "'ISlater = 1.95. The general relationship 
between "'la and (dM / dp) is based on a correspondence 
relation that, within the quasiharmonic approximation,29 

"'IG(thermal) ="'Ia(aooustic) , (5.7) 
where 

where 
"'1 ;= -d(lnv;) / d(ln V) , (5.9) 

and Ci(l' i ) are Einstein's specific heats of the ith mode 
having the frequency I' i . In terms of the single-crystal 
elastic constants and their first pressure derivatives, 
Smith and his collaborators31 presented the correspond­
ing expression for Eq. (5.9). For isotropic solids (like a 
strain-free glass and a polycrystalline aggregate), the 
equivalent expression for Eq. (5.9) is 

(5.10) 

31 C. S. Smith, D. E. Schuele, and W. B. Daniels, in Physics 
of Solids at High Pressures, C. T. Tornizuka and R. M. Emrick, 
Eds. (Academic Press Inc., New York, 1965) . See also D. E. 
Schuele and C. S. Smith, J. Phys. Chem. Solids 25, 801 (1964). 
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where the sUbscript j refers to either longitudinal or 
transverse modes so that 

(5.11) 
and 

(5.12) 

The bar over the gammas indicates 1;=/';(r/>, 0), and 
these 'Y; are isotropic. The physical implication of 
Eqs. (5.11) and (5.12) is that there are acoustic longi­
tudinal modes with the longitudinal velocity VI and a 
corresponding longitudinal Grlineisen mode-gamma 'YI, 
and acoustic transverse modes with transverse velocity 
V, and a corresponding Griineisen mode-gamma 'Y1.31 

Thus, the total Grlineisen parameter 'Y is given by (as T 
approaches zero) 

1= ('YI/3) (Vm/VI) 3+ (2'Yt/3) (t'm/Vt)3=10. (5.13) 

At high temperatures, we find a similar expression 
to that of Smith et at.31 to_be 

(5.14) 

However, it is noted that since at high temperatures the 
optical and short-wave acoustic modes are excited the 
mode-gammas corresponding to these vibrations will be 
affected by these modes. Equation (5.14) does not take 
into account these modes; therefore, 'Yoo obtained by 
Eq. (5.14) will not give the exact value of the high­
temperature limit of the Grlineisen parameter, but 
instead it gives an approximate value which is accurate 
only in a first-order approximation. 

Using our acoustic data, the calculated mode-gammas 
are as follows: 'Y1=1.58 and 1t=1.22. And the limiting 
values are: 'Yo= 1.26 and 'Yoo = 1.58, and these may be 
compared with /'O(thermal) tabulated in Table IX. 

The second Grlineisen parameter Y;O(thermal) can be 
found from the acoustic data also. It has been shown by 
Birch28 •32 that . 

- (1/(3BT) (aBT /aT)p= (aBT /ap)r=y;'O(scoustich 

(5.15) 
where 

(aBT /ap)T= (aB'/aph+c=Y;C(acoustic)' (5.16) 

The dimensionless constant C is given by Overton's 
relation2 

- -C=[(A -1)/ AJ[(2/(3) (a InBT faT) -lJ 

+[(AL 1)/ A2J(aB'/ap)T 

+[(A-l)/AJ2[1+{1/(3) (a In(3/aT)pJ, (5.17) 

where A =Cp/C~=B'/BT= l+~T/'o and for alumina at 
room-temperature C = 0.04. Since (dB' / dp h-298°K = 

U F. Birch, J. Geophys. Res. 73,817 (1968). 

4.19. Y;O(acoustic) =4.23 according to Eq. (5.16); this is in 
good agreement with Y;Clth ermal) =4.1 but it disagrees 
with 3.6 found for the Lucalox.13 

It is frequently assumed by some authors33 that the 
ratio of specific heats (i.e., Cp/ C.) is unity. The im­
plication of this assumption is that the lattice vibrations 
of solid under consideration are harmonic and that the 
quantity given by «(3T/'o) and its temperature depend­
ence is zero. This is a misleading assumption, and 
because of this assumption inconsistent formalisms are 
often found in the literature. Aluminum oxide is a 
relatively incompressible material (thus relatively Iow 
expansivity). However, as evident from Table IX, the 
value of ({3T/,o) at room temperature is 6.6X 10-3 and at 
Tr-.JOD , ({3T/,o) is 33.4X1o-3. At higher temperatures, (3 
and /'0 approach a constant value; thus, the quantity 
({3T/,o) is proportional to temperature. Since «(3T/'o) is 
inversely proportional to the lattice thermal con­
ductivity, the high-temperature conductivities of 
alumina can be understood from the data. 

Figure 5 shows a plot of experimental compression 
points of Bridgman (0-30 kbar) 9 and also those of 
Hart and Drickamer (0-300 kbar) .10 Also included are 
the shock-wave data of McQueen and Marshll on both 
single-crystal (500-1500 kbar) and polycrystalIine 
(300- 1300 kbar) aluminas. The lines drawn in the 
figure are the results of the Murnaghan equation of 
state24 using the acoustic parameters defined at different 
boundary conditions. A similar curve to Fig. 5 has been 
given by Anderson.34 but Anderson used the acoustic 
parameters derived from the Lucalox material. What is 
apparent in Fig. 5 is that the Murnaghan parameters 
evaluated from both the single-crystal and polycrystal­
line acoustic data give a reasonable description of the 
pressure-volume relation for the e~"perimental com­
pression points including the shock-wave data. Finally, 
it may be mentioned that the Murnaghan equation of 
state and effects of evaluating the Murnaghan param­
eters at different thermodynamic boundary conditions2 

can not be seen in the scale of a plot of the kind shown in 
Fig. 5. Thus, on the basis of this consideration and 
following Murnaghan,24 the most probable equation of 
state for alumina is 

v /Vo= (1 + 1.653XIO-3p)-o.2364 (5.18) 

and this will describe the pressure-volume relation to 
pressures of a few megabars. 

5.3. The Debye Temperature 

Values of the Debye temperature as a function of 
temperature were calculated from the elastic moduli, 
and these have been tabulated in the last column of 
Table VII. The low-temperature limit of the Debye 

a3 Y. A. Chang, J. Phys. Chem. Solids 28,697 (1967). 
"0. L. Anderson, J. Phys. Chem. Solids 27, 547 (1966). 
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FIG. 5. The compression of single-crystal and 
polycrystalline alumina. 
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temperature for alumina was found as 1044(±3) oK, 
and it may be noted that this value of the elastic Debye 
theta agrees very well with thermal Debye theta 
obtained from the low-temperature specific heat data.6 

The thermal Debye theta, according to the Barron­
Berg-Morrison scheme, is 1045(±fj)OK.7 

The equivalent values of the Debye temperature of 
alumina as a function of pressure were also evaluated at 
the constant temperature of 298°K, and these results 
have been entered in Table Ill. It may be noted that a 
linear increase of about ~% in the Debye temperature 
due to a pressure of 10 kbar is seen here. This increase 
of the Debye temperature with pressure can be under­
stood by considering the Grtineisen theory of solids in 
which the frequency of lattice vibrations" is assumed to 
be a function only of volume. Thus, we write 

where 'YG is the Gruneisen parameter. Introducing the 
definition of the Debye temperature and taking the 
ratio of the theta at a pressure p to that at the reference 
pressure po, we find that 

(5.19) 

According to this relation. 8D increases parabolically 
with pressure for all the solids of which (Vo/V) > 1. 
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